Energy bandstructure in silicon nanowires with [100] crystal orientation is calculated using the Tight-Binding (TB) model with supercell approach. Numerical methods are designed according to the physical model to reach an optimal computational performance. Computation results show that the bandstructures of silicon nanowires deviate from that of bulk silicon. The efficiency and accuracy of the TB algorithm are analysed and compared to its counterpart -the Density Functional Theory (DFT). Test examples show that TB delivers a good accuracy while far superior over DFT in terms of computational cost.
Introduction
Silicon Nanowire Transistors (SNWT) have been fabricated and extensively studied as promising candidates to replace traditional planar MOSFETs for the next generation of IC components. Experiments have shown that the improved control of the tri-gate over a channel, which is formed by a silicon nanowire with certain orientation, helps alleviate the short channel effects in nanoscale devices. By confining the silicon material in a low dimensional space, the device is expected to have a good drive current while maintaining a reduced off-state leakage (Yang et al., 2004) . However, experiments have also shown that such quantum confinement in the transverse direction of carrier transport may cause significant change in the channel's energy bandstructure (Ma et al., 2003) and the fabricated Si nanowires may have a much wider bandgap and heavier carrier effective mass not favoured in device optimisation. To evaluate the performance of SNWTs, atomistic models combined with numerical solutions are required to calculate the energy bandstructure of Si nanowires. The results will form the knowledge base for device optimisation of SNWTs.
This Jancu et al. (1997) and later parameterised by Boykin et al. (2004) .
Silicon nanowire configuration
One of the silicon nanowires studied in this work is shown in Figure 1 . Cross-section diameters of the nanowires are shrunk to 20 nm and below. This is the dimension where quantum confinement induces radical changes in the energy bandstructure. To make it comparable with the results from DFT, the [100] orientation is chosen as the wire axis. All the cross-sections of nanowires are assumed to be rectangular and the four sides are all {110} faces. It has been shown by experiments that hydrogen atoms can successfully remove states within the bandgap and restore the semiconductive property of Si nanowires (Ma et al., 2003) . Thus, we consider only the nanowires that have been passivated by hydrogen atoms at the surfaces. 
The supercell modelling approach
The smallest set of atoms on which the whole wire can be constructed by translational operations only is defined as a supercell. For the sp 3 d 5 s * model with spin-orbit interaction, 20 atomic orbitals are employed for each atom in a supercell. And the Bloch sum is formed as 
where N is the number of supercells along the wire axis, which is large enough so that the periodic boundary condition holds in the wire direction. φ α is the atomic orbital of the state (type) indexed by α.n is the unit vector along the wire axis and k is the 1D wave vector. R j denotes the position of the center of mass of the j th supercell along the nanowire axis. l is the index of the atom group and r l is the position of the a group-l atom within its supercell, relative to R jn . r ln is the component of r l along the wire axis. The Hamiltonian of the nanowire is then explicitly expanded in a representation formed by αlk (r) (Guan and Yu, 2005a )
If all the entries of matrices H (k) can be calculated for each k in the first Brillouin zone, the eigenvalues for these matrices may be extracted to form the energy bandstructure. To avoid the infinite summation over j , the nearest-neighbour approximation is employed, which assumes that only the atoms nearest to atom j may interact with j . This approximation is reasonable since the strongest inter-atom interactions, which are represented by chemical covalence bonds, usually exist only between the nearest atoms whose electron wavefunctions overlap with each other. Considering only the nearest interaction caused by this electron cloud overlap, Equation (2) may only be non-zero in five cases: four resulting from the interaction of the four nearest bonding atoms (overlapping terms) and one from the interaction with j itself (energy term). Since only eight directions of Si-Si covalence bonds are allowed in a Si nanowire, we get nine types of 20 × 20 blocks which may be repeated to compose the H matrix, eight formed by overlapping terms and the one left formed by self energy terms. The entries of these nine matrices may be obtained from parameter extraction from bulk silicon or experiments.
Conditions for atoms at the surface are different, as the number of overlapping terms is less than 4, which means that dangling bonds exist for these boundary atoms. For this case, we mimic the hydrogen passivation by increasing some of the atom's energy terms (Lee et al., 2004) . For different angles of dangling bonds and considering all their possible combinations, 29 types of 20 × 20 blocks exist for surface atoms. Then the Hamiltonian matrix of any Si nanowire may be built using these 38 submatrice according to its supercell configuration. In this way, an atomistic approach is developed for nanostructure calculation based on the concept of a supercell.
Numerical method
As one may observe from Equation (2), if l and l are for atoms not next to each other, the entry value results in zero. Thus the Hamiltonian matrix formed by the supercell approach is a highly sparse one. However, the dimension of the matrix may be large, as the number of employed bases grows as 20 times of the number of atoms in a supercell. 1 As the types of building blocks are limited, the matrix can be built on the fly, leading to a fast matrix-vector multiplication scheme. This observation enables the Implicitly Restarted Arnoldi Method (see for more details http://www.caam.rice.edu/software/ARPACK/) to work, together with an optimised matrix storage strategy and a parallelised computation scheme. A calculation package is developed in a Single Program Multiple Data (SPMD) scheme to collect energy bandstructure data on various types of Si nanowires and the results of the [100] case are discussed here.
Computation results

Bandstructure of bulk silicon
The bulk silicon may be considered as a [100] silicon nanowire with infinitely large cross-section. The energy band of the bulk silicon represents the asymptotic limit for the energy dispersion of nanowire. The Hamiltonian matrix of bulk silicon is not huge, however, because the supercell in this case is exactly the basis of the Si lattice, which contains only two Si atoms. Figure 2 shows the calculated energy bands of bulk silicon. To be comparable with one dimensional (1D) nanowires, the bandstructure throughout the reciprocal lattice is projected onto the [100] axis, that is, k x . Four of the six degenerate -conduction band valleys are projected onto the zone centre, while the other two along original k x axis are at k x = ±0.813 × 2π/a = ±1.63π/a, where a = 0.5431 nm is the silicon lattice constant. The equivalent valleys in the second Brillouin zone and beyond are projected onto k x as well. This adds additional valleys at ±0.37π/a, which may be viewed as zone-folded counterparts of the two valleys at ±1.63π/a. So the 3D Brillouin zone shrinks to a 1D Brillouin zone ranging from −π/a to +π/a after the projection. 
Bandstructure of silicon nanowires
Nanowires with the structure described in Section 2 are studied. The calculated energy bands are shown in Figure 3 . The direct band gap of nanowires has been observed and discussed by Wang (2005) . The figures presented here demonstrate this property in nanowires with {110} surfaces. When quantum confinement becomes stronger as the dimension decreases, the degenerated conduction valleys at ±0.37π/a are raised, leaving the projected valley at zone centre to be the lowest conduction band edge. The bandgap increases as the wire thickness becomes smaller. This phenomena has been predicted by traditional Effective Mass Theory (EMT) (Read et al., 1992) . However, a quantitative study using TB shows that band gap values deviate from those predicted by EMT. Instead of growing in proportion to 1/d 2 , where d is the wire thickness, the bandgap of nanowires tends to grow linearly with 1/d (Guan and Yu, 2005a) . The right is with cross-section formed by 9 × 10
[100] oriented 6 × 7 Si nanowire
[100] oriented 9 × 10 Si nanowire
Comparison among DFT, TB and experiments
Tremendous work has been done by researchers in the last two decades to improve the theory and algorithm of the first principles (DFT) approach. The DFT method applied to nanostructure computation has advantages in precision over traditional effective mass theory in bandstructure calculation and property prediction of new materials. The results by Read et al. (1992) , Delley and Steigmeier (1995) and Yu et al. (2004) contain the same nanowire structures as shown in Section 2 and are chosen to be compared with the result from this work.
Energy bandgap
Figure 4 (Guan and Yu, 2005a) shows the bandgap values from this work compared with those from the DFT method.
The results from TB show good agreement with those of DFT. Further calculation of carrier effective masses proves that good agreement exists among different methods when the wire cross-section dimension is large, but an apparent deviation occurs between DFT and TB when the wire thickness is below 2 nm (Guan and Yu, 2005a) . Although this may not be a definite disproval of our computation accuracy under 2 nm, as the experiment has not been able to make precise measure of thickness in this dimension and the shapes of the specimens have not be decided for the two narrowest nanowires in Figure 4 Ma et al., 2003) , we expect that for structures within the dimension of 2 nm, the parameters of TB may possibly need to be calibrated. Read, 1992 Yutong Zhang, 2004 Experiment from D. D. D. Ma, 2003 Delley, 1995 This work
Performance analysis
Our calculation shows that tight-binding is much more efficient than DFT. This is because once the parameters have been calibrated for tight-binding, computations can be performed without a need for a self-consistency scheme. For DFT, however, the iterative nature has to be followed in the fundamental Kohn-Sham equations. Another defeciency with DFT is that with the commonly adopted Local Density Approximation (LDA), bandgaps are usually underestimated. An accurate correction of bandgap tends to increase the algorithm complexity and requires more computation time.
The major time spent by TB is in the iterative extraction of eigenvalues. This is especially the case when the supercell of Si nanowire contains thousands of atoms, which leads to a gigantic matrix that cannot be diagonalised using a direct method based on current computation capability. Iterative methods such as Implicitly Restarted Arnoldi Method may help extract eigenvalues which locate near the extreme of the spectrum. However, for eigenvalues with the smallest magnitude, which is the case in bandstructure calculation, shift and inversion of the matrix is usually suggested. Shift is relatively costless, considering the fact that all diagonal blocks of our Hamiltonian matrix are formed with self energy blocks (original blocks or those raised by dangling bonds). Inversion, however, is much more difficult as the matrix has not been stored. Another difficulty is that inversion itself may destroy the sparseness of the original matrix by adding numerous non-zeros entries to the matrix, leading to a higher memory cost and a much slower matrix-vector multiplication routine than the original one. Thus to accelerate the algorithm while keeping the ability to tackle large scale structures, we choose another path by generating more Arnoldi vectors and adopt a parallel scheme, instead of performing the matrix inversion. Figure 5 shows the scalability of our SPMD programme on an AMD (64-bit CPU) Opteron cluster. It may be observed that the speed of the program grows almost linearly with the node number. The excellent scalability comes from the reduced communication cost between nodes, as the matrix may be built on each node on the fly. 
Conclusions
The supercell approach based on the sp 3 d 5 s * model is implemented to calculate the nanowire energy bandstructure. Numerical realisation is demonstrated together with performance analysis. While consuming much less time than the DFT approach, the tight-binding method reproduces energy band of nanowires with sufficient precision as long as the wire thickness is above 2 nm. For structures within the dimension of 2 nm, the parameters of TB may possibly need to be calibrated.
